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Introduction
There is growing interest for scalar fields in cosmology. For example, many models of the inflationary universe scenario assume the existence of a scalar field called inflaton whose energy density generates the inflationary expansion.1),2) Studies of galaxy formation and primordial nucleosynthesis suggest a possibility that the dark matter could be made up of bosonic particles.
If the scalar fields exist in nature, it is interesting to ask the question if they form gravitationally bound state which is now called the boson star. This question was answered affirmatively by Ruffini and Bonazzola. 3 ) They considered a secondquantized free scalar field which satisfies the Klein-Gordon equation in general relativity. They solved the semi-classical Einstein equation and found gravitationally bound state of the scalar field. Later simpler classical approach without quantum effect is taken to construct the boson star by many authors. 4HO ) They considered a complex scalar field coupled with gravity and found the equilibrium configuration under the condition that the metric quantities be static, but the complex field ¢ must have a time dependent phase factor as ¢(r, t)=¢o(r)eiwt • The self-gravity is supported by the dispersion effect due to the wave character of the scalar field.
Recently the effects of the self-interaction,4) the non-minimal coupling with gravity5) and of the coupling with U(l) gauge field 6 ) are considered. As far as the stability is concerned, the attention is mainly focused to the stability against the radial perturbations from the equilibrium state. It is found that there exists a critical mass of order of MMm where Mp] and m are the Planck mass and the mass of the scalar field, respectively. The radial perturbations are not enough to study the stability because they do not radiate gravitational waves which carry energy away from the system. The gravitational radiation emitted by an oscillating boson star and during the transition from a higher node solution to a ground state is studied under the Newtonian approximation. 10 ) However, the detailed information of the non-radial perturbations is not required. Also detailed information of the emitted gravitational waves is obtained only by solving the non-radial pulsation. Moreover the gravitational wave observatories are expected to operate in not far future and thus it seems v-ery important to predict the detailed features of gravitational waves from various astrophysical sources. In this respect it seems urgent to study the non-radial pulsation of a boson star and the gravitational waves emitted from the pulsation.
As the first step we shall here formulate the non-radial pulsation of a boson star in the framework of general relativity. The problems of the non-radial pulsations of general relativistic stellar model were studied by Thorne and his coworkers. Here we follow them and the work done by one of US.
I6 ),I7)
The perturbations are analyzed in terms of the'$pherical tensor harmonics and are decomposed into odd and even parity modes. IS) The formulation of the odd parity perturbation for the boson star goes almost the same as that in the perfect fluid star. The difference appears in the treatment of the even parity perturbations because the stress-energy tensor of the scalar field shows anisotropic pressure.
The plan of this paper is as follows. In § 2, we review the equilibrium configuration of a boson star. In § 3, we formuulate the linearized perturbation around an equilibrium boson star in terms of the spherical tensor harmonics. The basic equations for perturbations of odd and even parity modes are given. Finally we give some discussion in § 4. For the convenience of readers we shall write the explicit expression for the perturbation of the Einstein tensor in the Appendix. § 2_ Equilibrium configurations of the boson star
We first review an equilibrium configuration of a boson star. The static and spherical symmetric metric which describes the geometry of an equilibrium boson star can be written as
The metric convention is followed from Misner, Thorne and Wheeler.
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In this paper, we use the following units c=n=l.
We take the following self-interacting complex scalar field coupled with Einstein gravity as our model.
Then the stress-energy tensor may be given as follows:
The action is invariant under U(l) global gauge transformation ¢~ e i8 ¢ and thus we have the following conserved N oether charge where p, Pr and Pt are the energy density, the radial pressure and the tangential pressure, respectively. Note that we have anisotropic pressure, Pr=f=.Pt. This is clear contrast to the perfect fluid source.
Using the above quantities the independent set of equations is chosen as follows:
It is convenient to introduce the mass function M(r) as
where G is Newton's gravitational constant. These equations are numerically integrated under the following boundary conditions:
The equilibrium configuration is obtained only when aie-v(r=o) takes a particular value. Numerical calculation is straightforward and we shall not show any detail here.
The total mass M is mathematically defined as follows:
Actually the mass within radius r has saturated at a certain radius R which we call the radius of the boson star. Outside the star, r ?::R, the metric should coincide with the Schwarzschild metric of the mass defined by M=M(R). 
where ds0 2 , dS~dd and dS~ven correspond to the unperturbed metric, the perturbed metric of "odd parity" and that of "even parity", respectively. The coefficients ho, hI, Ho, HI, H2 and K are functions of only the radial coordinate r. Here Yzm«(], cp) is usual spherical harmonics. The perturbation of the scalar field has only "even parity" mode which we take the following form,
where rpi and rp2 functions of only r.
The above expressions are used to calculate the perturbed Einstein equations:
The explicit expression for OGPlI is written in the Appendix. The perturbation for TplI is given by
where gPlI is the unperturbed metric and hplI is the perturbed metric. By equating each coefficient of the same type of the tensor harmonics in both-hand sides of (3·7), we obtain the perturbation equations for odd and even parity modes.
Perturbation equations for odd parity modes
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Since the perturbation of the scalar field may not be expressed by the harmonics with odd parity, we have Oif;=O. Thus the perturbations of the stress-energy tensor may be written as follows: (3'9) where a=2, 3. The perturbed equation (3' 7) leads to the following equations in this case:
Following the usual treatment, we introduce a new variable X by
Then the above set of equations reduces to the following second-order equation for X.
This is our basic equation for odd parity modes. It shows that the perturbations for odd parity modes do not couple to gravitational wave. This is the same as the stellar pulsation of perfect fluid.ll) Thus it expresses the propagation of the gravitational wave through the star. Equation (3 '15) 
Perturbat~on equations for even parity modes
Now we turn to more interesting situation where the perturbations couple to the gravitational degrees of freedom. Namely we consider the even parity perturbations.
First we need the explicit expression for the perturbed stress energy tensor. This may be easily calculated from (3'5) 
where a=2, 3 and we have used the following relation obtained from the 2-3 component of the unperturbed Einstein equations,
Ho=H2.
(3'23)
Using the above expression it is straightforward to calculate each component of the perturbed Einstein equation (3'7) . What is not straightforward is to co~bine these equations to obtain the most convenient set of equations for numerical purpose. We follow the procedure taken in the case of perfect fluid star l6 ) as close as possible and obtain the following set of equations for our basic equations in even parity case.
where Ft=47CG¢02. The above equations are the sixth-order system of differential equations. This is clear contrast to the case of perfect fluid in which basic equations reduce to fourthorder system of equations. The reason for the difference would be that both real and imaginary parts of the perturbed scalar field are dynamical degrees of material source.
The conservation of the Noether current 8],";p=0 is written as
we ,/-,1 we 
) § 4. Conclusion
As the first step for the study of non-radial pulsation of a boson star and of its associated gravitational waves, we formulated the linearized perturbation around an equilibrium boson star in terms of spherical tensor harmonics. We wrote down the basic perturbation equations for odd and even parity mode.
The perturbations with odd parity mode do not couple to gravitational waves in the: Schwarzscihild and perfect fluid star backgrounds. This is also the case in our sit~ation since the perturbations of the scalar field may be expressed only by the spherical harmonics of even parity, thus it cannot change the star's density or pressure distributions. In this sense the odd parity mode is trivial.
On the other hand, the even parity perturbations do couple with the gravitational waves. We obtained the perturbation equations for even parity which become sixth-order system of differential equations, while they are fourth-order system of differential. equations in the perfect fluid star. The difference comes because the derivatives of both CPr and CP2 appear in the perturbation of the stress-energy tensor of the scalar field. Thus both fields are the dynamical degrees of freedom for the material source.
In the following papers we shall use the derived set of equations to calculate numerically the gravitational waves emitted by the boson star and its quasi-normal modes. It should be interesting to see how they are different from that of the perfect fluid star with the same mass.
Appendix
--The Expression for Perturbed Einstein Tensors--
In this appendix we write the expression for 3Gp v for both odd and even mode.
The perturbed Einstein tensor is expressed by the following formula:
where gpv and hpv correspond to unperturbed metric (3·2) and perturbed metric of odd parity (3·3) or that of even parity (3·4), respectively. Then -23Gp v are calculated to be as follows: 
